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GEOMETRY OF THE WINGER PENCIL
YUNPENG ZI
ABSTRACT. We investigate the moduli of genus 10 curves that are endowed with a faithful action
of the icosahedral groupA5. We show among other things that this has the structure of a Deligne-
Mumford stack whose underlying coarse moduli space essentially consists of two copies of the
pencil of plane sextics that was introduced by Winger in 1924, but with the unique unstable mem-
ber (a triple conic) replaced by a smooth non-planar curve. The orbifold defined by any member
has genus zero and comes with 4 orbifold points. We show that by numbering the points, we get
a fine moduli space whose base is naturally a finite cover ofM0,4.
1. INTRODUCTION
The invariants of the icosahedral groupA5 as a subgroup of PU2 were determined by F. Klein
in his book [8]. As W.M. Winger noted, the sextics among them make up a pencil of genus
10 curves that are invariant under the A5-action. He studied this pencil and exhibited explicit
equations of all its singular members.
The goal of this paper is to establish the modular properties of a modification of this pencil.
We show for example that this pencil is universal at every non-singular member, when regarded
as a family of genus 10 curves with icosahedral action. The pencil itself is not a moduli space, not
even in a coarse sense. First of all there is an unstable member (the triple conic), which we prove
is really like a planar shadow of a (nonplanar) nonsingular genus 10 curve CK with A5-action:
indeed this conic is triply covered by such a curve. Moreover since the outer automorphism
group of A5 has order 2, precomposing the A5-action with an automorphism of A5 that is not
inner yields another copy of this family. By replacing the unstable member and taking the disjoint
union of two copies, we obtain what looks like a complete family of A5-curves of genus 10 with
some stable degenerations.
Unfortunately this family cannot be universal as the curve CK admits an A5-automorphism
cyclic of order three. We can solve this in two ways. One is to mark the irregular orbits and
require the morphisms respect the marking. By doing so, we can get a fine moduli space and
gluing all the local universal deformations we get its universal family. The alternative is that we
resort to stacks: by considering all the smooth genus 10 curves with icosahedral action we get
a Deligne-Mumford stack with a ’good’ coarse moduli space. The following two theorems sum
up most of our results (we work over the field C throughout).
Theorem 1.1. IfC is a smooth projective genus 10 curve endowed with a faithfulA5-action, then
its orbifold has genus zero and four orbifold points, one of type µ5 and three of type µ2. If regard
a total ordering of the three orbifold points of type µ2 as part of the data, then for such objects
there exists a fine moduli space whose baseMA510;4 is a non-singular quasi-projective algebraic
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TABLE 1. Characters of two different irreducible A5-representations
(1) (12)(34) (123) (12345) (12354)
I 3 -1 0 1+
√
5
2
1−√5
2
I
′ 3 -1 0 1−
√
5
2
1+
√
5
2
variety which has two connected components and comes with an action of A5 × S3. It has the
following properties
(i) Orbifold formation with respect to the A5-action defines a degree 20 cover MA510;4 →
M0,4 which is equivariant for the obvious S3-action.
(ii) The action of S3 has exactly one irregular orbit inMA510;4. The smooth members of the
Winger pencil plus the singular member represented by the triple conic are obtained by
passing to the S3-orbit space. This orbit space is also the coarse moduli spaceMA510 of
smooth projective genus 10 curves endowed with a faithful A5-action
Moreover,MA510 admits a Deligne-Mumford compactificationMA510 , which parametrizes the sta-
ble genus 10 curves with faithful A5-action that are smoothable as A5-curves. The A5-orbifold
formation extends the above morphism to MA510 → M0(5; 2, 2, 2), where M0(5; 2, 2, 2) is de-
fined by allowing two of the three orbifold points of order 2 to coalesce. This yields the full
Winger pencil.
This paper is organized as follows. We first review the construction of the Winger pencil.
We give the geometric construction which comes from the irregular orbits of icosahedral group
acting on a projective plane and after that we give the construction using invariant theory. In
the second section we prove some cohomology properties of the Winger pencil and show that
it is locally universal at its smooth members. In the third section we show how to replace the
triple conic with a smooth algebraic curve, which lies naturally on a non-trivial cone over that
conic, so that projection away from the vertex yields a ramified triple cover and we describe its
universal deformation. Finally, we introduce two moduli functors one is the moduli functor of
non-singular genus 10 curves endowed with a faithful icosahedral group action, another one is
the moduli functor not only of the curve but also of a collection of marked irregular orbits. Using
the approach in an unpublished article of B. Farb and E. Looijenga Geometry of the Wiman-Edge
Pencil and the Wiman Curve [5]. We show that the second one is actually a fine moduli and the
first one is only a Deligne-Mumford stack but with a ‘good’ coarse moduli, namely the coarse
moduli space has two connected components. This leads us to the proof of our main theorem
stated above.
2. DEFINITION OF THE WINGER PENCIL
2.1. Projective Lines and Projective Planes with A5 Action. By the character theory of finite
groups, we have two complex linear representations ofA5 of degree 3 (denoted I and I ′), whose
characters are given by the Table 1. Here the first line represents all the conjugacy classes ofA5.
The representations I and I ′ are exchanged by an outer automorphism of A5. Up to conjagacy
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there is in fact only one such automorphism that is not inner: it is induced by conjugation with
an element of S5 − A5 and we shall denote any such automorphism by ι. Since we do not
always want to make a choice between I and I ′, we fix a 3-dimensional complex vector space
U endowed with finite subgroup I ⊂ GL(U) that acts irreducibly in U and is isomorphic to A5.
The choice of an isomorphism I ∼= A5 then makes of U an A5-representation isomorphic to I or
I ′. The I-action on U induces one on the projective plane P(U). The group I leaves invariant
a nondegenerate symmetric bilinear form on U . In particular, U is self-dual as a representation
of I. This form determines a I-invariant conic K in P(U). Since K ∼= P1, we can regard K
as a projective representation of I. In fact, if we endow U with a I-invariant inner product, then
P(U) inherits from this a Fubini-Study metric and the induced metric on K identifies it with a
round sphere. On this sphere we can draw a regular icosahedron such that I becomes its group
of motions. This makes following lemma obvious.
Lemma 2.1. The group I has in K only 3 irregular orbits. They are of size 12, 20 and 30, corre-
sponding to the vertices, barycentres of faces and midpoints of edges of a spherical icosahedron
respectively. 
Remark 2.2. When we regard K as a round sphere in Euclidean 3-space, then we can define an
antipodal map i in K. When K is obtained as the projectivization of a complex inner product
space of dimension 2, this amounts to assigning to a line its orthogonal complement. So it is
anti-linear (hence does not belong to the image of I), but still normalizes the I-action. In fact,
it preserves every irregular orbit of I in K and so such an orbit consists of antipodal pairs. See
Section 4 of [2].
On the other hand there are no irreducible 2-dimensional complex linear representations of
I ∼= A5. We can however form a central extension of I by the cyclic group of order 2 that acts
on a vector space of dimension 2: if we identify the group of motions of K with PSU2, then is it
given by a pull-back diagram:
1 // µ2 // SU2 // PSU2 // 1
1 // µ2 //
OO
I˜
OO
// I
OO
// 1
This gives indeed a non-trivial central extension of I by µ2 and is called the binary icosahedral
group. By construction it admits a complex-linear representation of degree 2 (which we shall
denote by VK , since it has K as its associated projective line). A point in P −K defines a polar
line in P which meets K in a 2-element subset of K with the same I-stabilizer. This implies:
Lemma 2.3. The group I has in P(U) 6 irregular orbits. The ones in K are the three orbits of
size 12, 20 and 30 mentioned in Lemma 2.1 and the ones in P − K are obtained as the polar
points of the lines spanned by antipodal pairs in an irregular orbit in K and hence are of size 6,
10 and 15.
The 6 antipodal pairs that make up the size 12 orbit in K span six distinct lines in P(U),
no three which are collinear. Their union, which we denote by C∞, is clearly a I-invariant
4 *
sextic. The Winger pencil is a pencil of plane sextics with faithful I-action generated by the two
generators C∞ and 3K. For an appropriate choice of coordinates for U , the equation of K is
(1) Q(z0, z1, z2) = z0z1 + z22 = 0
while the equation of C∞ is
(2) F (z0, z1, z2) = z2Π5i=1(η
iz0 + η
4iz1 + z2) = 0
where η is a primitive fifth root of unity. Then this pencil of plane sextics can be described as
(3) Q3 + λF = 0, λ ∈ P1
Winger [13] showed that this pencil has exactly four singular members. They are
(1) the conic with multiplicity 3, 3K,
(2) the union of six lines C∞,
(3) an irreducible nodal curve with 6 nodes (for λ = −1) which can be obtained from Bring’s
curve (of genus 4) by identifying each antipodal pair appearing in one of the two size 12
irregular orbits (we will give more explanation in Remark 3.6),
(4) an irreducible nodal curve with 10 nodes (for λ = 27
5
) which can be obtained from K by
identifying each antipodal pair appearing in the size 20 orbit.
In the last two cases, the set of nodes make up an I-orbit.
2.2. Invariant Theory of Finite Groups. This pencil can be described in terms of invariant
theory. We recall some theorems that we shall need; for details we refer [10] and [9].
Theorem 2.4 (Hilbert (1890), Noether (1916, 1926)). Let G be a finite group. Then for every
finite dimensional representation V of G then
(1) the ring extension C[V ]G ⊂ C[V ] is finite, and
(2) the invariant ring C[V ]G is a finite generated C-algebra.
To determine these generators, we have the following trick. First by the Noether’s Normal-
ization Lemma, we can find algebraic independent homogeneous polynomials {f1, · · · , fr} ⊂
C[V ]G such that C[V ]G is finite over C[f1, · · · , fr]. Such a collection {f1, · · · , fr} is called a
set of primary invariants. According to Hochster-Eagon (Proposition 3 in [4]), C[V ]G is Cohen-
Macaulay. This implies that it is a free C[f1, · · · , fr]-module of finite rank. A homogeneous
basis {g1, · · · , gs} of this C[f1, · · · , fr] module is are called a set of secondary invariants.
For R a graded noetherian C-algebra, we denote by HR(T ) :=
∑
d≥0 dimC(Rd)T d its Hilbert
Series. The following proposition shows that this can be used to get some information on the
degrees of the primary and secondary generators of C[V ]G.
Proposition 2.5. Let G be a finite group, V a finite dimensional representation of G, and
{f1, · · · , fr} and {g1, · · · , gs} the first and secondary invariants of G in C[V ] as above. Then
HC[V ]G(T ) =
∑s
j=1 T
deg(gj)
Πri=1(1− T deg(fi))
.
On the other hand, we can compute the Hilbert Series by means of
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TABLE 2. Characters of six dimensional representation of S5
(1) (12) (12)(34) (123) (123)(45) (1234) (12345)
E 6 0 -2 0 0 0 1
Theorem 2.6 (Molien’s Formula). We have
HC[V ]G(T ) =
1
|G|
∑
pi∈G
1
detV (1− Tpi) =
1
|G|
∑
pi∈G
1
Πi(1− λpii T )
,
where the λpii ’s are the eigenvalues of pi
So we can determine the degree of invariant polynomials by computing the Hilbert series in
two different ways. Using this we can calculate that C[U ]I has primary invariants of degree 2
(denoted by α), 6 (denoted by β) and 10 and secondary invariants of degree 0 and 15.
Corollary 2.7. The Winger pencil is defined by C[U ]I6 and admits α3, β as a basis.
We close this section with mentioning that we have a 6 dimensional irreducible representation
E of S5 with the character table (Table 2). If we consider it as a representation of A5, then it is
the direct sum of two distinct 3 dimensional irreducible representations of A5, i.e E ∼= I ⊕ I ′.
3. VERSALITY OF THE WINGER PENCIL AT ITS SMOOTH MEMBERS
Let us define the familyW→ B as the union of two copies of Winger pencil, obtained by two
identificationsA5 ∼= I that differ by an automorphism ι ofA5 that is not inner. So every member
of this family except for the two copies of 3K is a curve of arithmetic genus 10 and endowed
with a faithful A5-action and each component of W → B has 4 singular fibers. We will use
W◦ → B◦ to denote the locus over which this morphism is smooth.
Lemma 3.1. Let C be a smooth member of the family W. Then H0(C, ωC) is a 10-dimensional
complex representation of A5 that is isomorphic to V ⊕ I ⊕ I ′ where V is a 4-dimensional
irreducible representation. Moreover H1(C;C) is isomorphic to V ⊕2 ⊕ (I ⊕ I ′)⊕2.
Proof. Choose a generator µ of∧3U∨ and regard this as a translation-invariant 3-form onU . Note
that this form is I-invariant. Let F ∈ C[U ]I6 be a defining equation for C. Then a meromorphic
3-form on U of the type
ΩG = G
µ
F
, with G ∈ C[U ]3
has a simple pole along the cone over C (defined by F = 0) and at the hyperplane at infinity
P(U). This enabled us to define a linear map
C[U ]3 → H0(C, ωC)
G 7→ ResC Res∞ΩG.
This map is known to be injective see Chapter 5 of [6] and since both C[U ]3 and H0(C, ωC)
are of dimension 10, it must be an isomorphism. As it is also I-equivariant, it follows that
6 *
TABLE 3. Characters of Symmetric Cubics
(1) (12)(34) (123) (12345) (12354)
Sym3 I 10 -2 1 0 0
Sym3 I ′ 10 -2 1 0 0
H0(C, ωC) is as a I-representation isomorphic with C[U ]3. We know that U∨ is either I or I ′ as
an A5-representation. Recall the following character formula for symmetric powers
χC[U ]3(g) =
χ3U∨(g) + 3χU∨(g
2)χU∨(g) + 2χU∨(g
3)
6
For A5, we can compute the characters see Table 3. Note that if we denote g := (12345) and
h := (12354), then g2 and g3 are both in the conjugacy class of h. This is because first we have
g2 = (13524) and equation
(43)(15)(13524)(15)(43) = (12354)
So if we identify I with A5, then the character table of C[U ]3 as a A5-representation does not
depend on the choice of an isomorphism I ∼= A5. We find that C[U ]3 is isomorphic to V ⊕ I⊕ I ′
as a A5 representation, where V is the irreducible representation of A5 of degree 4. From the
Hodge decomposition, we have H0(C;C) ∼= V ⊕2 ⊕ (I ⊕ I ′)⊕2 
Each smooth member C of our pencil is I-equivariantly embedded in P(U). This embedding
is defined by a complete linear system that is I-invariant. The following proposition states that
such linear system is unique.
Proposition 3.2. A smooth member C of the familyW admits at most one very ample I-invariant
complete linear system of dimension 2.
We will need the following lemma, which may have an interest of its own.
Lemma 3.3. There exists a ZI-module L which is free as a Z-module of rank 10 and admits
a Z-basis α1, . . . , α10 such that the 20-element set {±αi}10i=1 is an I-orbit. This ZI-module is
unique up to isomorphism. If C is a smooth fiber, then there exists an I-equivariant embedding
L ↪→ H1(C) whose image is a Lagrangian sublattice and for which the cokernel can be I-
equivariantly identified with L∨.
Proof. The map W → B is proper, and hence topologically locally trivial over the locus where
it is smooth. So it is enough to prove this for one just one of its smooth members. So without
loss of generality we can assume that C = Ct with t close to 275 . Recall that the singular set N
of C 27
5
consists of 10 nodes and that the normalization of C 27
5
is a projective line. The nodes
give 10 ‘vanishing circles’ whose union A has the property that H∗(C;A) is naturally (hence
A5-equivariantly) identified with H∗(C 27
5
;N). The long exact homology sequence of the pair
(C,A)
0 // H2(C) // H2(C;A) // H1(A) // H1(C) // H1(C;A) // · · ·
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shows that the map H1(A) → H1(C) is injective and that its cokernel embeds in H1(C 27
5
;N).
The latter is torsion free and so the image L of H1(A) → H1(C) is a primitive sublattice of
H1(C) of rank 10. It is also clear that the intersection product is identically zero on L, so that
L is in fact a Lagrangian submodule of H1(C). This gives the identification of H1(C)/L ∼= L∨.
We thus obtain an exact sequence
0 // L // H1(C) // L
∨ // 0 .
Now L contains 20 vanishing cycles as 10 antipodal pairs. Since I acts transitively on N , the
vanishing cycles make up either a single I-orbit of 20 elements or two 10-element orbits I-orbit
that are opposite each other. In the last case, the sum of the elements of one such orbit would
give a nonzero I-invariant element ofH1(C) and this would contradict Lemma 3.1. Hence the 20
vanishing cycles make up one orbit. The uniqueness comes from the fact that A5 has an unique
subgroup who has 20 different conjugacy classes. 
Proof of Proposition 3.2. Suppose we have two I-invariant complete linear systems on C of di-
mension 2, defined by line bundles L and L′ say (so that each realizes C as a nonsingular plane
curve of genus 10). By the adjunction formula we then have L⊗3 ∼= ωC and L′⊗3 ∼= ωC . So
L′ ⊗ L−1 is an element of Pic(C) of order 3. We regard this as an element of H1(C;Z/3).
Our assumption implies that this element must be I-invariant and so it suffices to show that
H1(C;Z/3)I = 0. The universal coefficient formula shows that the natural map H1(C;Z/3)→
Hom(H1(C,Z);Z/3) is an isomorphism. By Lemma 3.3 we have an exact sequence
0→ L→ H1(C)→ L∨ → 0
ofZI-modules. This remains exact if we apply Hom(−,Z/3) (forZ/3 is a field). AnZ/3-valued
linear form on L which is I-invariant is constant on the union of a basis of L and its opposite and
hence must be identically zero. A similar argument applies to Hom(L∨,Z/3) ∼= L⊗ Z/3. This
proves that H1(C,Z/3)I = 0. 
We derive from this uniqueness property two corollaries.
Corollary 3.4. For no member of the family W, the A5-action extends to an S5-action.
The proof uses the following lemma.
Lemma 3.5. A nontrivial (hence faithful) action of A5 on P1 resp. P2 does not extend to S5.
Proof. The classification of all projective representations of symmetric and alternating groups is
done by Schur in [11]. We suggest an English version of this theory by [7]. By the Example of
[7] in Page 79, all the projective representations of S5 are of degree 1, 4, 5 and 6. So there is no
faithful S5 action of degree 2 or 3. 
Proof of Corollary 3.4. If 3K admits a faithful S5-action, then S5 will act faithfully on a regular
icosahedron. This gives an injective group homomorphism from S5 to the orientation preserving
automorphisms of this icosahedron. But we know the latter group isA5 and so this is impossible.
For C∞ we prove this as follows. Recall that C∞ consists of 6 lines. SinceA5 acts transitively
on these, the stabilizer of one such line ` must be order 10. The subgroups of A5 of order 10 are
dihedral and make up a single conjugacy class. The five other lines meet ` in as many distinct
8 *
points and for a suitable affine coordinate on ` they are given by the 5th roots of unity. Since the
Mo¨bius transformations of P1 preserving the 5th roots of unity form a dihedral group of order
10, A5 must be the full automorphism group of C∞. In particular, the A5-action on C∞ cannot
extend to an S5-action.
Suppose that a singular member with 6 nodes, C−1, say, admits a S5-action. Then the 6 nodes
must form an irregular S5-orbit. We normalize C−1 to get a nonsingular algebraic curve of genus
4. The S5-action lifts naturally by the universal property of normalization. Then the 6 nodes
become a size 12 orbit of S5. So the stabilizer of a point of this orbit has order 10. Since the
point stabilizers of a faithful finite group action on a smooth curve are cyclic (see Lemma 3.8
below), this would imply that S5 contains an element of order 10, which is clearly not the case.
So the A5-action on C−1 does not extend to a S5-action.
Suppose that a singular member with 10 nodes admits a S5-action. After normalizing it, we
get a non-singular algebraic curve of genus zero, i.e., a copy of P1, to which the S5-action lifts
naturally. By Lemma 3.5 this is impossible.
Finally, suppose that for a smooth member C of the Winger family, the A5-action extends to
a S5-action. Since A5 is normal in S5, any element of S5 then takes the linear system of linear
sections to anA5-invariant complete linear system of dimension 2. By Proposition 3.2 this linear
system is the same. This proves that this linear system is in fact S5-invariant. So the S5-action
on C then extends to an action on P(U). But this is impossible by Lemma 3.5. 
Remark 3.6. Although C−1 admits no S5-action, its normalization C˜−1 admits a S5-action. Con-
sider the projective space PW4 with faithful S5-action where W4 is the dimension 4 irreducible
representation of S5. The curve C˜−1 can be obtained as the complete intersection of a S5-invariant
quadratic surface and a S5-invariant cubic surface. The smooth curve C˜−1 has an irregular orbit
of size 24, while treating as A5-curve this irregular orbit splits into two size 12 orbits. Hence
such S5-action doesn’t descends to C−1. Such curve is also called Bring’s Curve. For more
details see Chapter 5 of [12].
Corollary 3.7. Any two distinct members of the familyW are not isomorphic as genus 10 curves
endowed with a faithful A5-action, i.e., we cannot find an A5-equivariant isomorphism between
them.
We begin with a lemma which will also be used later
Lemma 3.8. Let G be a finite group acting faithfully on a connected nonsingular complex curve
C. Then the stabilizer Gx (x ∈ C) is cyclic and comes with a canonical generator µ such that
for any G-automorphism h of C conjugation with h takes the canonical generator of Gx to the
one of Gh(x).
Proof. We have a linear representation
ρ : Gx → GL(TxC,C) ∼= C×.
The image of this representation is finite and hence cyclic. It therefore suffices to show that this
representation is faithful. Choose a local coordinate z at x. For any g ∈ Gx acting trivially on
TxC we have g∗(z) = z + a2z2 + a3z3 + · · · for certain ai ∈ C. If one of the ai is nonzero, then
let i be the smallest index for which this happens: g∗(z) = z + aizi + · · · with ai 6= 0. Then for
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n ≥ 1, (gn)∗z = z + naizi + · · · 6= z, which would contradict the fact that g has finite order.
So g must be the identity on a neighborhood of x. Since C is nonsingular and connected, it then
follows that g is the identity.
In particular, the cyclic group in C× admits a canonical generator µ which given by the first
]Gx-th root of unity. And it is clear to see that for any G-automorphism h, conjugation with h
will respect this canonical generator. 
Proof of Corollary 3.7. Suppose first that C and C ′ are smooth members and that there exist a
A5-equivariant isomorphism ψ : C → C ′. We prove that they are then equal. Consider the two
A5-invariant linear systems on C that define the embedding of C in P(U) and the composite of
ψ with the embedding of C ′ in P(U ′) (U ′ is also a 3-dimensional complex vector space endowed
with finite subgroup I ⊂ GL(U ′) that acts irreducibly in U ′ and is isomorphic toA5). Proposition
3.2 tells us that the two linear systems coincide. In other words, ψ is induced by a projective-
linear transformation P(U) → P(U ′). This transformation is A5-invariant, but since U and
U ′ are irreducible as A5-representations, Schur’s Lemma then implies that U ∼= U ′ and this
transformation must be the identity. So C = C ′ as algebraic curves with A5-action.
If we take two singular members which are not isomorphic as algebraic curves, then clearly
they are not isomorphic as algebraic curves with A5-action. Hence we only need to concentrate
on different singular members which are isomorphic as algebraic curves.
Let C be a singular member of Winger pencil, not equal to 3K. Two different A5-actions on
C give two different group embeddings ρ : A5 → Aut(C) and ρ′ : A5 → Aut(C). If the claim
doesn’t hold, then we can find ψ ∈ Aut(C) such that
(4) ρ′g = ψ
−1 ◦ ρg ◦ ψ
for all g ∈ A5.
On the other hand, by the definition, ρ (resp. ρ′) factors through ρ˜ : A5 → AutC(P2) (resp.
ρ˜′) and restriction to C, where AutC(P2) consists of the automorphisms of P2 which leave C
invariant. The morphisms ρ˜ and ρ˜′ satisfy the condition that ρ˜′g = ρ˜ι−1gι for some ι ∈ S5 − A5
and all g ∈ A5. This implies that for some ι ∈ S5 −A5 and all g ∈ A5,the morphisms ρ and ρ′
must satisfy the equation
(5) ρ′g = ρι−1gι
Let {p1, · · · , p12} be the size 12 irregular orbit. The stabilizer of each pi is isomorphic to
cyclic group of order five µ5. By the Lemma 3.8 this cyclic group admits a canonical generator
we denote it by gpi . The Equation (4) implies that gψ(pi) = ψ ◦ gpi ◦ ψ−1 equals the canonical
generators g′pi with respect to ρ
′. But Equation (5) implies that gψ(pi) and g
′
ψ(pi)
are conjugate
by an element ι ∈ S5 −A5, so that they lie in different A5-conjugacy classes, in particular they
cannot be identified through an automorphism of C. This is a contradiction.
When C isomorphic to 3K, the A5-action on 3K is actually an A5-action on K. Recall
that K = PVK embeds into P2 = P(Sym2 VK) as the image of Veronese map where VK is a
2 dimensional irreducible A˜5-representation. Hence ψ lifts naturally to a linear transformation
between two differentA5-representations. Then Schur’s Lemma implies that this ψ doesn’t exist.
This finishes the proof. 
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Theorem 3.9. The family W◦ → B◦ is locally universal: it induces an universal deformation of
each member, when regarded as an A5-curve.
Proof. Let C be a smooth member of the Winger pencil. Denote by νC the normal bundle of C
in P(U), so that we have the exact sequence
0→ θC → OC ⊗ θP(U) → νC → 0
of OC-modules. The proof will center around the associated long exact sequence
0→ H0(C, θC)→ H0(C,OC ⊗ θP(U))→ H0(C, νC)→ H1(C, θC)→ · · · ,
or rather its I-invariant part. It fact, we have to interpret some of its terms geometrically. As is
well-known,H0(C, νC) is the space of first order deformations ofC inP(U), whereasH1(C, θC)
is the space of first order deformations of C as a curve and the coboundary map H0(C, νC) →
H1(C, θC) is the obvious map. Hence I-invariant part of H1(C, θC) is the space of first order
deformations of C which retain the I-action. We claim that the I-invariant part of H0(C, νC) is
the tangent space at [C] of the family W.
To show this, note that we have a natural map
(6) T[L]P(C[U ]6) = HomC(L,C[U ]6/L)→ H0(C, νC)
where L is the line of equations for C. By the adjunction formula, we see that νC has degree 36
and then Riemann-Roch implies that H0(C, νC) is of dimension 1− 10 + 36 = 27. On the other
hand C[U ]6 is of dimension
Ä
8
2
ä
= 28. The map (6) is injective, hence it must be a I-equivariant
isomorphism. Now T[C]W is the I-invariant part of T[L]P(C[U ]6) thus isomorphic toH0(C, νC)I.
So what we must prove is that the map of invariants H0(C, νC)I → H1(C, θC)I is an isomor-
phism. We do this by first showing that this map is injective and then proving that H1(C, θC)I is
of dimension one (which we relegate to Lemma 3.10 below).
To prove injectivity, it suffices to show that H0(C,OC ⊗ θP(U))I = 0. For this we first ob-
serve that H0(C, θC) = 0 (for C has negative Euler characteristic). Consider the standard exact
sequence of OP(U)-modules
0→ OP(U) → OP(U)(1)⊗C U → θP(U) → 0.
This remains exact after tensoring with OC . The associated long exact sequence begins as
0→ C→ H0(C,OC(1))⊗C U → H0(C,OC ⊗ θP(U))→ H1(C,OC)→ · · ·
Its I-invariant part is still exact. We have H0(C,OC(1))⊗C U ∼= U∨ ⊗C U = End(U). Since U
is irreducible as an I-representation, Schur’s lemma implies that End(U)I consists of the scalars,
in other words, is the image of C→ H0(C,OC(1))⊗C U ∼= End(U). We established in Lemma
3.1 that H1(C,OC)I = 0, and so it follows that H0(C,OC ⊗ θP(U))I = 0 as desired.
Lemma 3.10 below will then finish the proof. 
Lemma 3.10. Let C ⊂ P(U) be a smooth member of the family W. Then its space of first order
deformations as an I-curve is of dimension one.
Proof. Recall that the first order deformations of C are parametrized by H1(C, θC), where θC
is the sheaf of tangent fields on C. Those that are I-invariant are parametrized by the I-fixed
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part of H1(C, θC). Serre duality identifies the dual of H1(C, θC) with H0(C, ω⊗2C ), even as
a I-representation. It therefore suffices to show that the I-invariant part of H0(C, ω⊗2C ) is of
dimension one. Since C is smooth, the residue sequence for the closed immersion C ⊂ P(U),
0 // ωP(U) // ωP(U)(C) // ωC // 0 ,
is an exact sequence of OP(U)-modules. The residue homomorphism ωP(U)(C)→ ωC induces a
homomorphism ω⊗2P(U)(2C)→ ω⊗2C which then fits in the exact sequence of OP(U)-modules
(7) 0 // ω⊗2P(U)(C) // ω
⊗2
P(U)(2C)
// ω⊗2C // 0 .
This gives the long exact sequence:
0→ H0(P(U), ω⊗2P(U)(C))→ H0(P(U), ω⊗2P(U)(2C))→
→ H0(C, ω⊗2C )→ H1(P(U), ω⊗2P(U)(C))→ · · ·
Note that
ω⊗2P(U)(C) ∼= OP(U)(−3)⊗2 ⊗OP(U)(6) ∼= OP(U)
and that
ω⊗2P(U)(2C) ∼= OP(U)(6).
It follows that H0(P(U), ω⊗2P(U)(C)) is of dimension one (and hence trivial as a I-representation),
H1(P(U), ω⊗2P(U)(C)) = 0 and H
0(P(U), ω⊗2P(U)(2C)) ∼= C[U ]6 as a I-representation. So it
remains to see that C[U ]I6 is of dimension 2. But this we noted in Corollary 2.7. 
4. MODIFICATION OF WINGER PENCIL
As we observed before, every member in the Winger Pencil is a stable curve except 3K. In
this section, we modify the Winger pencil with 3K replaced by a nonsingular algebraic curve
which is a ramified Galois cover of K with Galois group the group of third roots of unity µ3.
Theorem 4.1. There exists a ramified µ3-cover of K whose total space CK is a non-singular
irreducible curve of genus 10 to which the I-action on K lifts in a unique way. Such a covering
is unique up to isomorphism and ramifies at the size 12 irregular I-orbit and nowhere else.
To prove this theorem, let us begin with some lemmas about group cohomology. In what
follows we regard µ3 as a trivial I-module (so that it is also trivial as a I˜-module).
Lemma 4.2. Both H1(I˜, µ3) and H2(I˜, µ3) are trivial.
Proof. Consider the quaternionsH. The unit quaternionsH1 form a Lie group isomorphic to SU2
with a 3-sphere as underlying manifold. So the universal principal SU2-bundle E SU2 → B SU2
is realized by the unit 3-sphere bundle in the tautological bundle over P(H∞) = ∪nP(Hn). If
we pass to the orbit space of I˜ ↪→ SU2, we obtain a fibration BI˜ → B SU2 with fiber SU2 /I˜.
The latter, known as the Poincare´ sphere, is an integral homology sphere and so
Hq(SU2 /I˜, µ3) ∼=
µ3, when q = 0, 3 and0 otherwise.
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The cohomology ring H∗(B SU2;Z) ∼= H∗(P(H∞);Z) is known to be a polynomial ring Z[v]
with its generator in degree 4. Thus the above spectral sequence has the property that
Ep,q2 ∼=
µ3, when p = 0 or p = 3 and q = 4k where k ∈ Z≥0 and0 otherwise.
So in the Serre spectral sequence for fibrations
Ep,q2 = H
p(B SU2, H
q(SU2 /I˜, µ3))⇒ Hp+q(BI˜, µ3) = Hp+q(I˜, µ3),
we see that Ep,q2 is trivial when 0 < p+ q < 3. It follows that H1(I˜, µ3) = H2(I˜, µ3) = 0. 
Lemma 4.3. Both H1(I, µ3) and H2(I, µ3) are trivial and (hence) any group extension of I by
µ3 splits and the splitting is unique.
Proof. Since I˜ is an extension of I by µ2, we have the Lyndon-Hochschild-Serre spectral se-
quence:
Ep,q2 = H
p(I, Hq(µ2, µ3))⇒ Hp+q(I˜, µ3).
The classifying space of µ2 is the infinite real projective space whose integral cohomology is Z
in degree zero and cyclic of order 2 in positive degrees. It follows that Hq(µ2, µ3) is nonzero
only when q = 0; it is then a copy of µ3. So the above sequence degenerates on its second page,
so that we have an isomorphism Hp(I, µ3)) ∼= Hp(I˜, µ3). Now apply Lemma 4.2. 
We can now prove Theorem 4.1.
Proof of Theorem 4.1. We first prove the existence of such a cover. We know that the faithful
I-action on K has an irregular orbit Q of size 12. If q0 is a base point of K−Q, then a connected
µ3-cover of K − Q is given by a surjective group homomorphism φ : pi1(K − Q, q0) → µ3.
Such a group homomorphism factors through H1(K −Q) and hence is also given by a nonzero
homomorphism φ : H1(K−Q)→ µ3. The groupH1(K−Q) is generated by the simple positive
loops around the points of Q. These 12 generators are subject to the relation that their sum is
zero and this defines a presentation of H1(K − Q). We then take as our cover the one defined
by assigning to every generator the element 1 ∈ µ3 (since 12 = 0 in µ3, this is well-defined).
By the Riemann extension theorem this extends to a nonsingular µ3-cover p : CK → K. The
construction is canonical in the sense that it is only in terms of the pair (K,Q): any automorphism
of K which preserves Q will preserve the element of Hom(H1(K − Q);µ3) defined above and
will therefore lift over p to an automorphism of CK . This applies in particular to elements of I.
Denote by Autp(CK) the group of automorphisms f of CK such that there exist a f¯ ∈ I which
makes the following diagram commute:
CK
f //
p

CK
p

K
f¯ // K
It is easy to see that for a given f the associated f¯ must be unique. From what we showed above,
it follows that we have a surjective group homomorphism p∗ : Autp(CK)→ I. Its kernel consists
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of the covering transformations of p, so that we have an exact sequence
0 // µ3 // Autp(CK)
p∗ // I // 1 .
This is a central extension of I by µ3. By Lemma 4.3, such an extension is split in a unique
manner so that we have in fact a unique way of letting I act on CK such that p is equivariant.
We next show that CK → K is unique up to equivariant isomorphism. Suppose we have
another smooth connected µ3-cover p′ : C ′K → K with I-action. Every ramification point of
p′ will be a point of total ramification, for µ3 has no proper nontrivial subgroups. The set of
ramification points is I-invariant, so is a union of I-orbits. Since CK is smooth and connected, it
is irreducible. The Riemann Hurwitz formula∑
P∈CK
(eP − 1) = 24
then shows that the only possibility is that we have 12 points of total ramification (the ramification
index being 3). Since all the I-orbits in K distinct from Q have size > 12, the branch locus
must be Q. The restriction of p′ to K − Q defines and is defined by a homomorphism φ′ :
H1(K − Q) → µ3. Since the covering is connected this homomorphism is onto and since the
covering comes with an I-action, it is also I-invariant. In particular, will take on the 12 generators
the same value and this value must be nonzero. This just means that φ′ = ±φ. The two coverings
are then isomorphic, as they are identified by the identity of µ3 or the inversion automorphism
a ∈ µ3 7→ −a ∈ µ3. This proves the uniqueness. 
Recall that the Winger pencil defines a hypersurface C ⊂ P(U) × P1 by the Equation (3)
with the fiber Co over o = [0 : 1] ∈ P1 is 3K. It gives a deformation of 3K in P(U). Next
we will show that this family is closely related to the local deformation property of CK , namely
by taking proper base change and blow up along unexpected members in C we get the universal
deformation of CK .
Let us begin with describing a basic example of a birational transformation over a disk. Let ∆
be the complex unit disk (with origin o), P → ∆ a bundle of projective spaces, and H a hyper-
plane in the fiber Po. The normal bundle of H in P is OH(1) ⊕ OH (we get this decomposition
after we have chosen a trivialization of P/∆) and so its blowup BlH(P) → P has exceptional
divisor P(OH(1) ⊕ OH). The summand OH(1) resp. OH determines a section σ∞ resp. σ0 of
this P1 bundle with normal bundleOH(−1) resp.OH(1). We can contract σ∞ in this exceptional
divisor to get P(OH(1)⊕OH)→ Pˆo, with Pˆo a copy of a projective space, which has the image
of σ0(H) as a hyperplane. On the other hand, the strict transform of Po maps isomorphically
to Po, but its normal bundle is now OPo(−1). This implies that it is the exceptional divisor of
blow-up of a smooth variety, so that we have a morphism BlH(P)→ Pˆ with Pˆ smooth. We refer
to the image of the contracted copy of Po as the vertex and denote it by v. The projection onto ∆
subsists and yields a morphism Pˆ→ ∆. This is another bundle of projective spaces (whose fiber
over o is the Pˆo above) and we get a bimeromorphic map over ∆:
f : P/∆← BlH(P)/∆→ Pˆ/∆.
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It is clear that Pˆ/∆ coincides with P/∆ over ∆− {o}, but that over o, the projective space Po is
replaced by the projective space Pˆo. Also note that although H has been contracted, it reappears
as a hyperplane in Pˆo.
These assertions can easily be verified by describing f in coordinates: if we are given a local
trivialization of P at o with coordinates ([T0 : · · · : Tn], λ) such that H is defined by T0 = 0 (λ
is the coordinate for ∆), then we have a similar local trivialization ([S0 : · · · : Sn], λ) of Pˆ at o
such that f : P 99K Pˆ is given by
([T0 : T1 : · · · : Tn], λ) 7→ ([T0 : λT1 : · · · : λTn], λ) = ([T0/λ : T1 : · · · : Tn], λ).
Note that the S-coordinates vertex v are [1 : 0 : · · · : 0].
Suppose that we are given an effective relative divisor D on P/∆ of degree d such that
Do = dH . So in the above coordinates, D is given by up to first order by T d0 + λG(T0, . . . , Tn)
(mod λ2) for some G ∈ C[T0, . . . , Tn]d. If we make the base change over τ : ∆˜ → ∆ given by
λ˜d = λ, then the relative divisor τ ∗D on τ ∗P is given by T d0 + λ˜
dG(T0, . . . , Tn) (mod λ˜
2d) and
τ ∗f : τ ∗P→ τ ∗Pˆ takes τ ∗D to a relative divisor on τ ∗Pˆ which is given by
Sd0 +G(λ˜S0, . . . , Sn) ≡ Sd0 +G(0, S1, · · · , Sn) (mod λ˜d)
(we substituted T0 = λ˜S0, Ti = Si for i = 1, . . . , n, and we divided by λ˜d). We shall denote that
divisor simply by Dˆ (although something like Dˆ(φ) would be more appropriate). In particular,
the fiber over o is the hypersurface Dˆo defined by Sd0 + G(0, S1, · · · , Sn). Note that it does not
pass through the vertex v = [1 : 0 : · · · : 0]. We put Go(S1, · · · , Sn) = G(0, S1, · · · , Sn).
Observe that if Go is not identically zero, then its zero set Go defines a hypersurface Z ⊂ H
and projection away from the vertex realizes Dˆo as a cyclic cover (with Galois group µd) of the
hyperplane H , which totally ramifies along Z. This µd-action is the restriction of the natural
µd-action on τ ∗Pˆ that is given by letting ζ ∈ µd act as
([S0 : S1 · · · : Sn], λ˜) 7→ ([ζS0 : S1 · · · : Sn], ζλ˜).
This action clearly preserves Dˆ.
We apply this to the situation where we take for P the trivial bundle P(Sym2 U) × ∆ → ∆
and for H the hyperplane HK := P(SymV 4K) in P(Sym
2 U) × {o}. On all these data we have
I acting, and indeed, on everything we do here this action subsists. Let j : X := P(U) ×∆ ↪→
P(Sym2 U)×∆ be given by the Veronese embedding on the first factor and let jˆ : Xˆ ↪→ Pˆ be its
(strict) transform under the bimeromorphic map above. Since X meets HK × {o} transversally
with preimage K × {o}, we see that Xˆ is obtained from X by blowing up HK × {o} followed
by contraction of the strict transform of P(U) × {o}. The effect of the bimeromorphic map
fX : X 99K Xˆ is that it replaces the projective plane Xo = P(U) by the cone Xˆo over the
Veronese image of K in HK .
We now think of the Winger pencil C|∆ as a divisor onX of relative degree 6. It is the preimage
under a divisorD on P of relative degree 3 that has an equation of the form T 30 +λG(T0, . . . , T5).
Here G is a cubic form on Sym2 U with the property that precomposition with the squaring map
U → Sym2 U is the product F of 6 linear forms that define C∞ in P(U). So if we make the
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above base change for d = 3, then Dˆ is given by a divisor of relative degree 3 whose fiber over
o is defined by S30 + Go(S1, · · · , S5). This has the structure of a µ3-cover of HK ramified along
the divisor defined by Go. The zero locus Z of Go in HK meets K (or rather its image under
the Veronese map) in the I-orbit of size 12 (as a reduced divisor). Hence the strict transform
of τ ∗C|∆˜ under f (which we denote simply by Cˆ) will has its fiber over o the µ3-cover of K
which totally ramifies in this orbit. But this is is just our CK and the µ3-action is the restriction
of a µ3-action on Cˆ/∆˜ which on the base is the obvious one. It is clear that I acts fiberwise and
commutes with this µ3-action. This modification of the degree 3 base change of C|∆ is in fact a
universal deformation of its closed fiber:
Theorem 4.4. The central fiber of Cˆ/∆˜ is naturally identified with CK and if the resulting de-
formation of CK is universal as a deformation of a curve with I-action.
Proof. From the vanishing ofH0(CK , θCK ) andH
2(CK , θCK ) we know that the smooth universal
deformation of CK as A5-curve exist, we will denote it by US → S. From the Theorems 5.10
and 5.11 below, the base of this family must has dimension 1, hence we can assume S is an one
dimensional open disk. Moreover the µ3-action on CK extends naturally to US → S which will
fix the central fiber and act nontrivially on S. Proposition 5.9 implies that this action is actually
free on S − {o}. Now by the universal property of local universal deformation we can find a
unique map φ : ∆˜ → S such that Cˆ/∆˜ ∼= φ∗US . Let e be the degree of φ. Then the definition
implies that for any λ ∈ ∆˜−{o}, we can find at least 3e many λ′ ∈ ∆˜−{o} such that Cˆλ ∼= Cˆλ′ .
But Corollary 3.7 and our construction show that the only fibers isomorphic to Cˆλ are the three
in its µ3-orbit. This implies that e = 1. Hence Cˆ/∆˜ is universal. 
5. ORBIFOLD MODEL AND DEGENERATION
5.1. Coverings of genus zero orbifolds and their moduli. We will describe how to construct
the coverings of a genus 0 orbifold with a prescribed (finite) Galois group and prescribed ram-
ification data. This section is a summary of an (as yet) unpublished article Geometry of the
Wiman-Edge Pencil and the Wiman Curve by B. Farb and E. Looijenga and we will explain in
detail some of its results that we will use. Suppose we have a descending sequence p1 ≥ · · · ≥ pn
of integers where n ≥ 4 and pi ≥ 2. We will denote by ~p the tuple (p1, · · · , pn). Let pi0,n denote
the group generated by a1, · · · , an, subject to the only relation a1 · · · an = 1.
Let flMod0,n resp. flMod(~p) be the group consisting of automorphisms of pi0,n which preserve
each conjugacy class of ai resp. permutes them in such a manner that the conjugacy class of
ai goes to the conjugacy class of aj if and only if pi = pj . These groups contain the inner
automorphisms of pi0,n as a normal subgroup and the quotients Mod0,n := flMod0,n/ Inn(pi0,n)
resp. Mod(~p) := flMod(~p)/ Inn(pi0,n) can be understood as the mapping class group of an n-
pointed genus zero curve resp. of an orbifold of type (0; p1, · · · , pn). It is clear that Mod0,n is a
normal subgroup of Mod(~p) with factor group the Sn-stabilizer of the function i 7→ pi (denoted
S(~p)), so that we have a short exact sequence
(8) 1→ Mod0,n → Mod(~p)→ S(~p)→ 1.
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These groups also have an interpretation as (orbifold) fundamental group: Mod0,n is the funda-
mental group of the fine moduli spaceM0,n of n-pointed genus zero curves (this is just the space
of injective maps {1, . . . , n} → P2 modulo projective equivalance) and Mod(~p) is the orbifold
fundamental group of the moduli spaceM0(~p) of orbifolds of type (0; p1, . . . , pn). As will be-
come clear below, the latter is not a fine moduli space, but underlies a Deligne-Mumford stack
(which we shall denote byM0(~p)).
Let G be a finite group with trivial centre, for example I or S5 and consider the set G˜(~p)
of surjective group homomorphisms ~g : pi0,n → G such that ~g(ai) has order pi. Note that an
element of G˜(~p) can also be considered as an ordered n-tuple (g1, · · · , gn) of generators of G
such that gi has order pi and g1 · · · gn = 1. It is clear that Aut(G) will act on the left of G˜(~p)
by postcomposition. In particular, G then acts on G˜(~p) through inner automorphisms. In the
tuple form, this action is just given by simultaneous conjugation. We will denote the quotient
G\G˜(~p) by G(~p). We let flMod(~p) act on the right of G˜(~p) by precomposition. Note that this
action commutes with the Aut(G) action. It is also obvious that φ(αxα−1) = φ(α)φ(x)φ(α)−1
for all φ ∈ G˜(~p) and α, x ∈ pi0,n so that this induces a right-action of Mod(~p) on G(~p).
Let P be a copy of P1. Suppose that we have an injective map q : {1, 2, · · · , n} → P . We put
Uq = P − {q1, · · · , qn}. Choose a point q0 ∈ Uq, and let αi be a simple loop which begins at q0
and encircles qi in such a manner, that the loops α1, . . . , αn are like the petals of a flower. Then
an isomorphism pi0,n ∼= pi1(Uq, q0) is defined by ai ↔ [αi]. So any ~g ∈ G˜(~p) then determines
a surjective group homomorphism pi1(Uq, q0) → G. By the theory of coverings, this defines a
connected (unramified)G-covering Uq(~g)→ Uq. Moreover, for elements ~g and ~g′ of G˜(~p), Uq(~g)
is G-isomorphic to Uq(~g′) if and only if ~g and ~g′ lie in the same G-orbit. We note that there is no
non-trivial automorphisms of theG-covering Uq(~g)→ Uq. For such automorphisms the property
that it commutes with G-action. This just means that this deck transformation lies in the center
of G and we assumed this center to be trivial.
Note that Uq(~g) is in a natural manner a complex curve over Uq. By normalization we can
extend this to a ramified covering Pq(~g) → P . The covering space is a projective nonsingular
complex curve and Pq(~g) → P is necessarily branched at qi with index pi (this is because the
image of αi inG has order pi). For the same reason as above, two such coverings Pq(~g)→ P and
Pq(~g′)→ P are G-isomorphic if and only if ~g and ~g′ lie in the same orbit. Moreover no covering
Pq(~g) → P has a nontrivial G-automorphism. So for a given q, the G-coverings of P thus
obtained are in bijective correspondence with G(~p). The absence of nontrivial automorphisms
enables us to do this in families (by letting ~q vary). In order to make this precise, we introduce
two moduli functors.
Let us define the moduli functorMMG,~p of marked families as follows: given a scheme S of fi-
nite type overC, letMMG,~p(S) be the set of isomorphism classes of tuple (φ : C→ S,O1, · · · ,On)
where φ : C→ S is a smooth family whose geometric fibers are connected curves endowed with
a faithful G-action such that the orbifold quotient is of type (0; p1, · · · , pn) and O1, · · · ,On are
sections of the family φ¯ : G\C → S whose pre-image are irregular orbits with stabilizer µpi .
Two such families (φ : C → S,O1, · · · ,On) and (φ′ : C′ → S ′,O′1, · · · ,O′n) are isomorphic if
and only if we can find G-equivariant isomorphism between the families C → S and C′ → S ′
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which brings Oi to O′i. We can also define the moduli functor MG,~p of unmarked families by
forgetting some information of the marked sections, i.e we allow the isomorphisms between two
families can exchange Oi and Oj if pi = pj . Observe that for any such family φ : C → S, if
we restrict it to a small enough neighborhood, the local triviality of the smooth proper family
implies that all its closed fibers must come from the same element in G(~p), i.e the only thing can
be deformed in this family is the injective map q.
Lemma 5.1. If a G-curve has G-quotient of the type (0; ~p), then every G-automorphism of that
curve has finite order. In particular, the G-automorphisms preserve each irregular G-orbit is the
identity.
Proof. To prove the first claim, suppose ψ be any G-automorphism of C. Then the G-quotient of
ψ may exchange the sections Oi and Oj if pi = pj . Let oi still be the image of Oi in G\C ∼= P1
and ψ¯ be the induced map of ψ on G\C. Now there must exist a positive integer m which is
determined only by ~p, such that ψ¯m has each oi as one of its fixed point. Since n ≥ 4, ψ¯m
must be identity and ψm is a deck transformation. Since Aut(G) has no center, all the deck
transformations must be trivial.
For the second claim, if we have one such automorphism ψ of C which fixes the orbital G-
sections, then m = 1 and ψ itself is a deck transformation. This finishes the proof. 
Theorem 5.2. The moduli functorMMG,~p is represented by a fine moduli space BGM(~p), which
is quasi-projective variety with ](G(~p)/Mod0,n) many connected components. By assigning to
an element ofMMG,~p(S) its G-quotient, we get a natural morphism BG
M(~p)→M0,n which is a
finite cover of degree ]G(~p).
Proof. By considering all the possibilities of q, we obtain a covering map from the set of all iso-
morphism types of covering space mentioned above to the configuration space P (n) of injective
maps q : {1, · · · , n} → P . This defines a diagram
(9) P˜ (n) → P (n)
This is an unramified covering of degree #G(~p). We want to lift the action of Aut(P ) ∼=
PSL2(C) to this diagram. For this we must a priori pass to its universal cover fiAut(P ) ∼= SL2(C).
This is a µ2-cover. By Lemma 5.1 it is clear that µ2 ⊂ fiAut(P ) acts trivially on P˜ (n). So the
free Aut(P )-action on P (n) lifts to the morphism (9). If we divide out by this action (which we
can also implement by fixing q1, q2, q3 to be 0, 1,∞ and varying the other points), we obtain a
morphism of algebraic varieties
(10) BGM(~p)→M0,n,
which is still an unramified covering of degree #G(~p).
We claim the variety BGM(~p) is the fine moduli space of the moduli functorMMG,~p. To see this
we only need to construct the universal family over BGM(~p).
Given a smooth G-curve C and a collection of irregular orbits {O1, · · · , On} as before, we
assume its G-quotient G\C is represented by the point q ∈ M0,n and C is recovered from G\C
by ~g ∈ G(~p). Given a small open neighborhood U ∈ M0,n of q, we have an universal defor-
mation (PU → U,O1,U , · · · ,On,U) of G\C which is a family of n-marked projective lines and
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Oi,U : U → PU are sections of the family. The construction described above gives a deformation
(UU˜ ,~g → U˜ ,O1,U˜ , · · · ,On,U˜) of C where U˜ is isomorphic to U and Oi,U˜ : U˜ → G\UU˜ are
sections associated to Oi,U . Note that this means U˜ can be treated as a open neighborhood of
[C] ∈ BGM(~p). We will denote such families by only UU˜ ,~g → U˜ if no ambiguity happens.
It is clear that this family (UU˜ ,~g → U˜ ,O1,U˜ , · · · ,On,U˜) is an universal deformation of smooth
algebraic curve with G-action. Moreover the construction implies that UU˜ ,~g → U˜ is also univer-
sal for its nearby fibres.
These universal deformations actually glue into a family (UBGM (~p) → BGM(~p),O1, · · · ,On).
For if we have two such local deformations UU˜ ,~g → U˜ and UU˜ ′,~g → U˜ ′ with another G-curve
[C ′′, O′′1 , · · · , O′′n] ∈ U˜ ∩ U˜ ′. Since two deformations are both universal for generic fibers,
they are both universal deformations for (C ′′, O′′1 , · · · , O′′n). This implies UU˜ ,~g → U˜ ∩ U˜ ′ and
UU˜ ′,~g → U˜ ∩ U˜ ′ can be identified together and the absence of automorphism group implies this
identification map is unique. By gluing all such universal deformations in BGM(~p), we get a
family (UBGM (~p) → BGM(~p),O1, · · · ,On).
This is also an universal family. To see this, let us consider any other smooth family of G-
curves (CB → B,O1,B, · · · ,On,B). For any t0 ∈ B and a small open neighborhood V˜t0 of t0
in B, the restriction CB → V˜t0 is a deformation of Ct0 and it’s irregular orbits. Hence we have
an unique locally defined map ft0 : V˜t0 → U˜t0 such that (CB → B,O1,B, · · · ,On,B)|V˜t0 ∼=
f ∗t0(U|U˜t0 → U˜t0 ,O1,U˜t0 , · · · ,On,U˜t0 )|U˜t0 where U|U˜t0 → U˜t0 is the universal deformation of Ct0
defined above. Same reason as above these ft0 glue to a morphism f : B → BGM(~p) such that
f ∗UBGM (~p) ∼= CB and such map is unique. The number of connected component comes from the
fact thatM0,n is connected with fundamental group Mod0,n. This finishes our proof. 
Theorem 5.3. The functor MG,~p is given by a Deligne-Mumford stack BG(~p) whose underly-
ing coarse moduli space BG(~p) is a quasi-projective variety with ](G(~p)/Mod(~p)) connected
components. By assigning to an element ofMG,~p(S) its G-quotient, we get a natural morphism
BG(~p) → M0(~p) of stacks resp. BG(~p) → M0(~p) of varieties. This a finite cover of degree
]G(~p).
Proof. Theorem 5.2 gives the diagram
(11) UBG(n) → BGM(~p)→M0,n,
The first arrow defines an element ofMG,~p(BGM(~p)) and as we have proved it can be regarded
as a fine moduli space for the tuple (C;O1, · · · , On), where C is a smooth projective G-curve,
whose G-quotient is an orbifold of type (0; p1, . . . , pn) and irregular G-orbits have been num-
bered (O1, · · · , On) such that Oi has size |G|/pi.
The modular interpretation of diagram (9) shows that the obvious action of the finite group
S(~p) on P (n) (which permutes the factors) also lifts to this diagram. This commutes with the
action of Aut(P ), but the product action of Aut(P )×S(~p) may have nontrivial isotropy in P (n),
as some nontrivial element in Aut(P ) could permute the ramification points (q1, . . . , qn) in a
way as to preserve their weights. Therefore from Lemma 5.1 the quotient by this action is a
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TABLE 4. The value of α according to stabilizer
conjugacy class of a generator Order Value of α
(1) 1 0
(12)(34) 2 30
(123) 3 40
(12345) 5 48
Deligne-Mumford stack
(12) CBG(~p) → BG(~p)→M0(~p)
Its modular interpretation is that of (11), except that there is no numbering of the irregular orbits
with the same type. The second map of (12) is a finite cover whose underlying morprhism of
coarse moduli space BG(~p)→M0(~p) is the one appearing in the theorem. A fiber of BG(~p)→
M0(~p) over a non-orbifold point is as a Out(G)×Mod(~p)-set identified withG(~p). In particular,
since Mod(~p) is the fundamental group of M0(~p), the connected components of BG(~p) are
indexed by G(~p)/Mod(~p). The assertions of the theorem now follow. 
Remark 5.4. We have to resort to stacks, because there might exist some G-curve admitting
an automorphism which nontrivially permutes its irregular orbits. This happens precisely when
some nontrivial element of Mod(~p) fixes a point of G(~p). This is indeed happening in our
situation. On the other hand if this does not happen, then we have indeed a diagram of varieties
CBG(~p) → BG(~p)→M0(~p)
In particular,MG,~p has then a fine moduli space.
5.2. Moduli space of smooth projective genus 10 curve with faithful A5 Action.
Proposition 5.5. Suppose C is a smooth genus 10 curve endowed with a faithful A5-action. Let
f : C → P form the quotient by this action. Then P is an orbifold of type (0; 5, 2, 2, 2).
Proof. Obviously P is an orbifold. By the Riemann-Hurwitz formula, we have
2g(C)− 2 = deg(f)(2g(P )− 2) + ∑
X∈C
(eX − 1)
Here deg(f) = ]A5 = 60, and eX denotes the ramification index of f at X . Since eX = 1
for all but finite many points, thus we may write it as
∑
Y ∈R⊂P
∑
X∈f−1Y (eX − 1) and R is the
ramification locus. Denote by GX ⊂ A5 be the stabilizer of X ∈ C. Since A5 acts on each fiber
transitively and
∑
X∈f−1Y eX = 60, we have α(Y ) :=
∑
X∈f−1Y (eX − 1) = (60 − 60] GX ) ≥ 0.
This gives the equation
138 = 120g(P ) +
∑
Y ∈R
α(Y ).
By Lemma 3.8, a stabilizer must be cyclic, and so α(Y ) can take only the values listed in Table
4. A computation then shows that the only solution is: g(P ) = 0 with 4 orbifold points, 3 of
which have stabilizer of order 2, and one having order 5. This proves our claim. 
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We will use the methods in the last section to describe the moduli space of such curves, where
we take G = A5 and ~p = (5, 2, 2, 2). Note that in that case S(~p) ⊂ S4 is then the permutation
group of the last three items (so that is a copy of S3).
We begin with several combinatorial lemmas.
Lemma 5.6. Let A5(r) denote the set of elements of A5 of order r. Consider the A5-action
on A5(5) × A5(2) by simultaneous conjugation. Then this action is free, and every orbit is
represented by one of the following 6 pairs:
ord(g1g2) = 2: (g1, g2) equals ((12345), (12)(35)) or ((12354), (12)(34)),
ord(g1g2) = 3: (g1, g2) equals ((12345), (12)(34)) or ((12354), (12)(45)),
ord(g1g2) = 5: (g1, g2) equals ((12345), (13)(25)) or ((12354), (13)(25)).
Proof. First we prove that theA5-action is free. If that is not is case, then we can find a ∈ A5(5),
b ∈ A5(2) and g ∈ A5 such that g−1ag = a and g−1bg = b. Without loss of generality, we may
assume a = (12345). Then we have g−1ag = (g(1), g(2), g(3), g(4), g(5)). But (12345) has
only finite many forms, list them all we will find that g must be a power of a. But such element
can not fix b under conjugation. Since for the same reason b must be a power of g, thus a power
of a, a contradiction. Now we have 12 × 30 = 360 elements in A5(5) × A5(2) and A5 has 60
elements and A5-action is free. Thus we must have 6 different orbits.
To list all the orbits we may take a proper element g ∈ A5 such that g−1g1g is one of two
following elements (12345) or (12354). In this case g−1g2g can be any order 2 element. By
calculation, we find that all possibilities are as above. 
Lemma 5.7. Take h ∈ A5(r) and consider the set of (h1, h2) ∈ A5(2) × A5(2) such that
h = h1h2. Then for r = 2, 3, 5 this set has r elements. For r = 2, h1 and h2 commute. For r = 3
or r = 5, this is a free 〈h〉-orbit under simultaneous conjugation.
This Lemma comes from computation.
Proposition 5.8. The tuples (g1, g2, g3, g4) ∈ A5(5, 2, 2, 2) come in three types, according to the
order r of g1g2. For r = 2 we have 4 elements, for r = 3 we have 6 elements and for r = 5 we
have 10 elements, giving therefore 20 elements in total.
The group Mod0,4 acts transitively on the subset of A5(5, 2, 2, 2) whose first coordinate is
conjugate to (12345) resp. (12354), so that Mod0,4 has two orbits in A5(5, 2, 2, 2).
The group Mod(5, 2, 2, 2) acts transitively on the subset ofA5(5, 2, 2, 2) whose first coordinate
is conjugate to (12345) resp. (12354), so that Mod(5, 2, 2, 2) has two orbits in A5(5, 2, 2, 2).
Proof. The first statement comes from the last two lemmas. First by Lemma 5.6, we may assume
(g1, g2) is one of the 6 pairs listed there. Then g = g1g2 has order r where r = 2, 3 or 5. Lemma
5.7 implies that if (g3, g4) and (g′3, g
′
4) lie in the same orbit, then they can be transformed into
each other through conjugation by a some power of g. But similarly as above, such a conjugation
cannot fix the first two coordinates. So the first statement follows.
For the second and the third statements, let us take any such g = (g1, g2, g3, g4) where g1 =
(12345). First of all, by Lemma 5.7, if we fix the order of g1g2 = (12345)g2, then Mod0,4 acts
transitively inside these ‘types’. The transformation map is given by
(a1, a2, a3, a4)→ (a1, a2, (a1a2)a3(a1a2)−1, (a1a2)a4(a1a2)−1)
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TABLE 5. Values of (g1, g2, g3, g4)
Order of g1g2 g1 g2 g3 g4
2 (12345) (12)(35) (15)(34) (14)(35)
2 (12345) (12)(35) (14)(35) (15)(34)
3 (12345) (12)(34) (15)(24) (24)(35)
3 (12345) (12)(34) (13)(24) (15)(24)
3 (12345) (12)(34) (24)(35) (13)(24)
5 (12345) (13)(25) (14)(25) (15)(23)
5 (12345) (13)(25) (12)(34) (24)(35)
5 (12345) (13)(25) (13)(45) (12)(34)
5 (12345) (13)(25) (15)(23) (13)(45)
5 (12345) (13)(25) (24)(35) (14)(25)
To show that Mod0,4 acts transitively on ‘types’, we only need to work on some examples. We
first let g is the element ((12345), (12)(35), (15)(34), (14)(35)). Here we find g1g2 has order 2.
Then the map
(a1, a2, a3, a4)→ (a−12 a1a2, a3a2a−13 , a3, a−12 a4a2)
will map g to ((15432), (14)(25), ∗, ∗). By calculation (15432)(14)(25) = (13245) which has or-
der 5. Next we let g to be the element ((12345), (13)(25), (12)(34), (24)(35)). In this case g1g2 =
(12345)(13)(25) is of order 5. This time the same map has image ((14235), (15)(24), ∗, ∗).
By calculation (14235)(15)(24) = (354) which has order 3. Since Mod0,4 is a subgroup of
Mod(5, 2, 2, 2), the same results holds for Mod(5, 2, 2, 2).
On the other hand, by the definition of Mod0,4 resp. Mod(5, 2, 2, 2), the conjugacy class of a1
must be fixed. Thus g1 must lie in the conjugacy class of (12345) (not of (12354)). In summary,
we have 20 elements in A5(5, 2, 2, 2) which make up two Mod0,4 resp. Mod(5, 2, 2, 2)-orbits of
size 10. 
When g1 = (12345) we made a table of all values of A5(5, 2, 2, 2) see Table 5.
Proposition 5.9. There are only two smooth algebraic curves endowed with a faithfulA5-action
up to an A5-isomorphism which admit an A5-automorphism of order three. Moreover these are
the only possible smooth A5-curves with non-trivial A5-automorphisms.
Proof. Let us take an element of Mod(5, 2, 2, 2) as below
(13) (a1, a2, a3, a4)→ (a1, a2a3a−12 , a2a4a−12 , a2)
This is a map that permutes the last three item up to conjugacy. It is not hard to check that the
element ((12345), (13)(25), (12)(34), (24)(35)) ∈ A5(5, 2, 2, 2) will be mapped to the 4-tuple
((12345), (14)(35), (12)(45), (13)(25)). The two elements are equivalent by taking simultaneous
conjugation of (14253). In other words, this is the fixed point of the map (13). Similarly, we have
another fixed point when g1 = (12354). These are the only fixed points of map (13).
On the other hand, an automorphism of P1 which permutes 3 points and leaves at least 1 point
fixed must PSL2 conjugate to z → ζz or z → ζ2z where ζ is the third root of unity. These give
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two isomorphic configurations q0 = (0, 1, ζ, ζ2) and q∞ = (∞, 1, ζ, ζ2). And the automorphism
of Pq0 given by z → ζz will induce the map (13). Hence two fixed points of map (13) gives two
smooth A5-curve with additional automorphisms which is cyclic of order three. They are the
smooth curves we discussed in Theorem 4.1.
To show the last assertion, note that by Proposition 5.5, we only need to show that we don’t
have a smooth A5-curve which admits an A5-automorphism cyclic of order two. Since by
Lemma 5.1 Mod0,4 acts freely on A5(5, 2, 2, 2), this amounts to check the following three el-
ements (14), (15) and (16) of Mod(5, 2, 2, 2) has no fixed points on A5(5, 2, 2, 2).
The first one we need to consider is the following map
(14) (a1, a2, a3, a4)→ (a1, a2a3a−12 , a2, a4)
This map will exchange the first two order two irregular orbits. If we have a fixed point (g1, g2, g3, g4)
in A5(5, 2, 2, 2), then we can find an element g ∈ A5 such that g−1gig = gi for i = 1, 4,
g−1g3g = g2 and g−1g2g = g2g3g−12 . Then the equations for i = 1, 4 implies that g is trivial
which contradicts the last two equations. After that we need to consider the map
(15) (a1, a2, a3, a4)→ (a1, a2, a3a4a−13 , a3)
which exchange the last two irregular orbits. And the map
(16) (a1, a2, a3, a4)→ (a1, a2a3a4a−13 a−12 , a3, a−13 a2a3)
which will exchange the first and the third irregular orbit of order two. The same reason implies
these maps also have no fixed points. This finishes the proof. 
Theorem 5.10. We have a fine moduli space BAM5 (5, 2, 2, 2) of the tuple (C,O1, O2, O3, O4)
where C is a smooth quasi-projective genus 10 curves endowed with a faithful A5-action and
tuple (O1, O2, O3, O4) are marked irregular orbits, which has 2 connected components, each of
which is a degree 10 cover ofM0,4.
Theorem 5.11. We have a moduli stack BA5(5, 2, 2, 2) of smooth quasi-projective genus 10
curves endowed with a faithfulA5-action, whose underlying coarse moduli spaceBA5(5, 2, 2, 2)
is a quasi-projective variety with 2 connected components. By assigning an object of BA5(5, 2, 2, 2)
its A5-quotient we get a degree 20 cover of M0(5, 2, 2, 2) (resp. a degree 20 cover between
coarse moduli spaces BA5(5, 2, 2, 2)→M0(5, 2, 2, 2)).
Proof. The two theorems follow from the last section (including Remark 5.4) and Proposition
5.8. 
5.3. Degeneration. Now we will allow the two of the order 2 orbifold points come together into
one point (which we shall call the special point). This defines an A5 cover C ′ of P .
Proposition 5.12. The curve C ′ is a nodal curve of arithmetic genus 10 whose nodes lie over the
special point.
Proof. Let P be an orbifold of type (0; 5, 2, 2, 2). The orbifold points are named as z1, z2, z3, z4.
And C is smooth genus 10 curve with faithfully A5-action. The morphism f : C → P is
canonical map by quotient A5 which is also a ramified A5-covering of P branched at 4 orbifold
points. Let us take a open disk D ⊆ P which contains z3 and z4, but not z1 and z2, so that
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f−1D → D is an A5 cover ramified over z3 and z4 only. Let γ be an arc in D that joins z3 with
z4. Let D′ ⊂ f−1D be a connected component of f−1D. We claim that f−1γ ∩D′ is a polygon
which is homotopic to a nonseparating embedded circle on C (this means that its complement is
connected). This will then imply that this polygon is a vanishing locus for the degeneration: it
gets contracted to produce a node above the inert point.
To see why the claim holds, note first that γ is the deformation retract of D. Since f is an
A5-cover after deleting finite many points, the homotopy map lifts to a deformation retract of
D′ onto f−1γ ∩ D′. On the other hand the boundary of D is homotopic to a simple circle that
encircles z3 and z4. It must has finite order in pi1(D − {z3, z4}). Thus by the theory of lifting
the pre-image of the path γ in D′ is a polygon. To see it is nonseparating, suppose otherwise so
that C − f−1γ is not connected. Since it is a ramified cover, we can find a lift of z1 and a lift of
z2, they lie in the different connected component of C − f−1γ. Then this means that every path
joining z1 and z2 in P will intersect γ. This is however not the case. 
Remark 5.13. If we consider the GIT quotient of the projective space of effective degree 11
divisors on P1 by SL2(C), then for the obvious SL2(C)-linearisation, a divisor is stable if only
if it has no point of multiplicity > 5 and here semistability is equivalent to stability. A point
(z1, z2, z3, z4) ∈ M0,4 with weight (5, 2, 2, 2) can be considered as a stable degree 11 divisor on
P1 if weight is interpreted as multiplicity. So if we allow only two of z2, z3, z4 to be equal, then
we still get a stable point, but any other type of coalescing yields an unstable point. This explains
why we only allow two order 2 points to coincide. For more details on this quotient see Chapter
2 of [3].
Let C˜ ′ → C ′ be the normalization of C ′. By its universal property, theA5-action on C ′ lifts to
C˜ ′. Note that C ′ is not necessarily irreducible, and so C˜ ′ might be disconnected.
Proposition 5.14. Let y ∈ P be the special point. Then for every x ∈ C˜ ′ over y, theA5-stabilizer
of x is cyclic of order n ∈ {2, 3, 5}. In particular, the special point is an orbifold point of type n.
Proof. Denote by C˜ ′i the connected component of C˜
′ which contains x. No nontrivial element
of A5 can act as the identity on C˜ ′i and so the A5-stabilizer of C˜ ′i acts faithfully on C˜ ′i. Lemma
3.8 then implies that the A5-stabilizer of x is cyclic. This stabilizer cannot be trivial and so the
proposition then follows from the fact that the elements of A5 − {1} have order 2, 3 or 5. 
Remark 5.15. We can distinguish these three cases using the polygon mentioned in the proof
of Propostion 5.12. In the order 2 case, we have 4 points with 2 in the fiber of z3 and 2 in the
fiber of z4. Each point connects with the other two and no two points lie in the same fiber are
connected. So the polygon is a square. In the order 3 case, we have 6 points, 3 lie above z3 and
3 lie above z4 and we get a hexagon. Finally in the order 5 case, we have 10 points, 5 lie above
z3 and 5 above z4 and we get a decagon.
Proposition 5.16. Let n be defined as in Proposition 5.14. Then
n = 2: C˜ ′ is the disjoint union of 6 lines and C ′ is the union of 6 lines, each two such lines
intersect, but no three pass through the same point.
n = 3: C˜ ′ is irreducible and is of genus 0 and C ′ is irreducible with 10 nodes.
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n = 5: C˜ ′ is irreducible and is of genus 4 and C ′ is irreducible with 6 nodes.
Proof. Consider the dual graph Γ of C. This is the graph whose vertices are indexed by the irre-
ducible component of C ′ and whose edges are indexed the nodes of C ′ with an edge connecting
the vertices defined by the irreducible components on which the node lies (for more details, see
[1] Chapter X Section 2).
Now we have the equation that
pa(C
′) =
∑
pa(C˜
′
i) + 1− v + e
where the sum is over the connected components C˜ ′i of C˜
′, v is the number of vertices of Γ
which is also the number of irreducible components of C ′ and e is the number of edges of Γ
which equals to the number of nodes of C ′. Since C˜ ′ → P is a A5-cover, A5 acts transitively on
the set of connected components C˜ ′i of C˜
′, so that pa(C˜ ′i) is in fact independent of i. This also
implies that the number v of connected components must be the index of some subgroup of A5
in A5. It follows that
v(pa(C˜
′
i)− 1) = pa(C ′)− 1− e = 9− e
For the value of e, by the last proposition, we know that it must has only possibilities of 15, 10
and 6 (nodes must lie in the fiber of y and normalization makes one nodes into two points). So
the possible solutions are as follows:
e = 15, v = 6, pa(C˜ ′) = 0: in this case C˜ ′ is the disjoint union of 6 lines, C ′ is the union
of 6 lines, every two intersecting, but no three passing through the same point and the
A5-orbit space is an orbifold of type (0; 5, 2, 2).
e = 10, v = 1, pa(C˜ ′) = 0: then C˜ ′ is a projective line, then C ′ is irreducible curve with 10
nodes and the A5-orbit space is an orbifold of type (0; 5, 2, 3)
e = 6, v = 1, pa(C˜ ′) = 4: then C˜ ′ is a genus 4 curve, C ′ is irreducible with 6 nodes and the
A5-orbit space is an orbifold of type (0; 5, 2, 5).
A priori we might also have e = 6, v = 3. Then C˜ ′ has 3 connected components, but since A5
has no subgroup of order 20, this case is impossible.
This ends the proof. 
We can now prove our main theorem.
Proof of Theorem 1.1. The fine moduli spaceMA510;4 appearing in the statement of Theorem 1.1
is of course our BAM5 (5, 2, 2, 2). Then Theorems 5.10, 5.11, 4.4, 3.9 and Proposition 5.16
have established most parts of Theorem. Proposition 5.9 implies CK is the only smooth A5-
curve with non-trivial A5-automorphisms. Hence S3 action on MA510;4 has only one irregular
orbit. Moreover away from the point in BA5(5, 2, 2, 2) represents CK , the ’universal’ family
exist using the construction in the proof of Theorem 5.2 and has base of dimension one. Now
Theorem 3.9 shows that Winger pencil is locally universal at its smooth members and this pencil
of course has a dimension one base. Hence they must be the same. This finishes the proof. 
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